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Preliminary note

The material in these slides is strongly based on [1]. When other materials
are used, they are cited accordingly.

Mathematical notation follows as good as it can a good practices proposal
from the Beijing Academy of Artificial Intelligence.
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https://ctan.math.utah.edu/ctan/tex-archive/macros/latex/contrib/mlmath/mlmath.pdf

What to expect?

In this session we will discuss:
@ Crude Monte Carlo.
@ Average Value theorem.

@ Monte Carlo Integration.
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Crude Monte Carlo

Estimating expectation

Suppose we want to compute the expectation for a random variable Y-

EY = 4 = f yf(y)dy (continuouscase)
“H Xyfy) (discretecase)

Many time knowing f(y) is not possible (Y may be a function of several
other random variables).

ith Crude Monte Carlo (CMC) you can approximate u by simulating many
independent copies Y;, ..., Yy of Y and then take their sample mean as an
estimator of u.
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First integration with CMC |

T
Imagine we want to estimate the value of a given integral [ = f cos x dx.
=Tt
By the Average Value Theorem, we know that:

< f)>= ﬁfubf(x) dx

from which we obtain

fubf(x)dxz(b—a)<f(x)>

Certainly:
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https://www.utrgv.edu/cstem/utrgv-calculus/integration/average-value/index.htm

First integration with CMC ||

y=f(x) y=f(x)

velab)

Ay

(b—a)* fuvclap)

Figure 1: Visual inspection of the Average Value Theorem.

So, we can device an algorithm that takes values of the function and
obtain their average to estimate the value of the requested integral.
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https://www.geeksforgeeks.org/monte-carlo-integration-in-python/

First integration with CMC lI

from scipy import random
import numpy as np

a = -np.pi

b = np.pi

N = 1000

ar = np.zeros(N)

for i in range (len(ar)):

ar[i] = random.uniform(a,b)

integral = 0.0

def f(x):
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First integration with CMC IV

return np.cos(x)

for i in ar:
integral += f (i)

ans = (b-a)/float(N)*integral

print ("Approx to the integral by CMC: {}.".format (ans

Exercise 1 Integration

Evaluate with CMC the integral of f(x) = x? from -2 to 2 and compare

the result with the corresponding analytical one. Now try to do the same
for a multivariate function f(x,y) = x> + 3y* + 1 between -2 < x < 3 and
-1 <y <05.
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MC integration

Central limit theorem

In many situations, for independent and identically distributed (iid)
random variables, the sampling distribution of the standardized sample
mean tends towards the standard normal distribution even if the original
variables themselves are not normally distributed.

Thus, Y approximately has a ./ (u, 0%/N) distribution for large N,
provided that VarY < co.

Thus we can construct an approximate (1 — a) confidence interval for u:

_ S S
Y -2y ap—=,Y +21_ 2—)
( PN TN
where S is the sample standard deviation of Y; and z,, is the y-quantile of

the .7(0,1) distribution. Estimated standard error: S/VN; estimated
relative error: S/(Y\/N).
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Algorithm for CMC

Algorithm 1: CMC for iid
Input: Random variable Y ~ f, sample size N, confidence level 1 —a.
Output: Point estimate and approximate (1 — ) confidence interval
for u = EY.
1 Simulate Yy, .., Yy u~df
2 Y « 1\11 Zil Y;

1 —
38— = N (Y-

S
Y+Zl a/2\/_)

4 return Y and conf. interval (Y z1- oz/Z\/—/
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Monte Carlo integration

Consider the complicated integral

u= LOO j‘_oo j‘_oo \ |X1 + Xy + X3|€_(X%+X%+x§)/2 dxl dX2 dX3
Defining Y = [X; + X, + X3|Y2210)32 with Xy, X, X5 2 #(0,1), we can
write u = EY. Use the code here to test the calculation. If you want to

learn more about CLT and confidence intervals, a good start can be found
here.
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https://biocomputing-teaching.github.io/Data-Science-with-Python/code/UNIT3-MC-Methods.html
https://online.stat.psu.edu/stat506/lesson/1/1.4

Polynomial regression. Original data.
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Figure 2: Training data and the optimal polynomial prediction function hf1. coc.
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Polynomial regression. Estimating the generalization risk

The code here shows how to estimate how good is the graph below.
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Figure 3: Fitted models for different orders of polynomial regressions[1].
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https://biocomputing-teaching.github.io/Data-Science-with-Python/code/UNIT3-MC-Methods.html

@ Dirk P. Kroese, Zdravko Botev, Thomas Taimre, and Radislav:
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